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[1.1]   In  the  paper,  "The  Motion  of  a  Ship,  as  a  Floating 
Rigid  Body,  in  a  Seaixay" ,  [1],  J.  J.  Stoker  and  A.  S.  Peters 
set  up  a  general  perturbation  scheme  to  obtain  the  motion  of 
a  ship  moving  with  constant  velocity  into  a  sea  of  waves.  The 
ship  was  assumed  to  be  thin  in  the  vertical  plane,  e.g.  a 
knife  cutting  through  water.  All  oscillations  of  the  ship  and 
the  amplitude  of  the  waves  were  assumed  to  be  small.  The 
problem  was  solved  explicitly  for  a  thin  ship  moving  In  a 
atraight  line  with  the  wave  fronts  perpendicular  to  the  line 
of  motion  of  the  ship.   The  investigation  which  resulted  in 
the  solution  of  the  specific  potential  problem  contained  here- 
in was  to  consider  a  horizontally  thin  ship,  or  disc,  skimming 
over  the  surface  of  the  water  into  a  sea  of  x;aves«  The  same 
perturbation  scheme  was  used  to  set  up  the  equations  defining 
the  notion,  but  the  problem  involved  in  actually  solving  for 
even  a  special  case  was.  seen  to  be  quite  different  and,  in 
general,  more  difficult,  A  brief  resume  is  given  here  of  the 
results  obtained 

[1.2]   Let  0  -  XYZ  be  a  coordinate  system  fixed  in  space.   OY  is 
perpendicular  to  the  surface  of  the  water,  which  occupies  the 
lower  half-space,  Y  <  0.   Let  0  -  xyz  be  a  moving  coordinate 
system  such  that: 

(1)  0-xz  plane  coincides  with  0-XZ  plane. 

(2)  Oy  axis  passes  through  the  center  of 
gravity  (e.g.)  of  the  ship. 

(3)  the  ship  moves  along  the  OX  axis. 

1   111 
Finally,  let  0  -x  y  z  be  a  coordinate  system  rigidly  connected 

to  the  ship,  such  that: 

(1)  the  0  y  axis  passes  through  the  e.g.  of  the  ship. 

(2)  the  0  -X  y  plane  coincides  with  the  midplane  of 
the  ship . 
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We  then  assume -that  the  hull  of  the  ship  is  given  by  the 
equation  y  =  -|3h(x  ,z  ),  where  p  is  the  perturbation  parameter. 

VJe  assume  also  that  all  six  quantities  determining  the 
motion  of  the  ship,  the  potential  function,  u,  and  the  free 
surface,  n,  can  all  be  expanded  in  pov;ers  of  the  parameter,  p. 
We  refer  everj'^thing  to  the  axis  0-xyz.   Then,  substituting 
the  series  expansions  in: 

(1)  the  equation  of  motion  of  the  center  of  gravity; 

(2)  the  equation  for  the  conservation  of  angu.lar 
momentum.; 

and  equating  like  powers  of  p,  we  get  various  equations  which 
are  then  manipulated  to  yield  the  folloxring: 

^^)       3^1  =^J(u^t-^o^lx)^  »     A=rdA 

A  A 


(2)      031  =^J^'(^lt-  Vlx^^  '        B  = 

A       ,  A 


n     2 


x  dA 


(3)      © 
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=  "^I"^^lt-^o^lx)^  '      C  =Jz2dA 


(^^       |^l  =  ^I\(Xlt--o^lx) 


dA 


(^)      -f  ^0^1  =sf  \(Xlt-^oX-lx)'^^ 

A 

(6)       -|i(©21^^l)  =  ^/(^'^x-^z^^^lt-^o^lx^^^ 
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where:  A  =  projection  on  0  -x  z  plane  of  the  ship's  hull 
(under  water ) . 
U-  =  first  order  term  in  expansion  of  potential,  u. 
©   =  first  order  term  in  expansion  of  angular 
displacements,  ©. . 
s^  =  first  order  term  in  expansion  of  speed,  s,  of  the 

ship . 
6U-,  =  first  order  term  in  expansion  of  angular  rotation 

of  0  -  xyz  axes, 
y,  =  first  order  term  in  expansion  of  vertical 

displacement  of  ship.       .  . 
^^  =  time  dependent  part  of  u-,  ,  i.e^  u,  =  Xr,  "^  )^i  > 

where  X      ^^   time  independent, 
s  =  speed  of  ship  ( i.e .   s  =  s  +  Ps,  +  ...). 

M  =  mass  of  ship. 
5  =  density  of  water, 
g  =  gravitational  constant. 
Ip-  =  moment  of  inertia  of  ship  about  Oy  axis. 

Next,  by  using  (1)  the  kinematic  condition  at  the  hull 
and  (2)  the  free  surface  condition,  we  derive  the  fact  that 
the  first-order  potential  function,  u, ,  must  satisfy: 

(1)  u^y  =  -s^Ch,  -  e^^)  -y^-  €'31  +  2^11  ,  on  y  =  0  ,  in  A  . 

(2)  B^ij'  2%^:^^t^  %''lxx^''ltt   =  0  ,  on  y  =  0  ,  outside  A  . 

We  have,  therefore  a  potential  problem  that  we  must  solve 
for  u,  in  terms  of  the  parameters  ©,,  ,  ©on  »  7-,  >    ©n-i*  which,  in 
turn,  depend  upon  u  .  u,  ,  of  course,  could  have  singularities 
at  the  edge  of  the  disc,  A.   Thus  we  see  that  the  above  problem 
embodies  difficulties  ijhich  are  considerable. 

Due  to  the  obvious  difficulties  involved  in  the  general 
case  discussed  above,  the  problem  is  simplified  to  that  of  an 
Infinite  ship  planing  into  calm  water  in  two  dimensions.   This 
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simplification  yields  the  added  advantage  of  the  introduction 
of  complex  variables.   The  time  independent  part,  x  ,  of  the 
potential  is  then  sought.   This  leads  to  a  specific  potential 
theory  problem  which  is  solved  explicitly  in  a  manner  similar 
to  the  one  used  by  A.  S.  Peters  [2]. 

[2.1]      Thus  ire   seek  a  harmonic   fxmction,    say  \i'(x,y),   which 
satisfies: 

Problem  I;  (1)      /\^  =   0,      y<0 

(2)  k4/^^  +>^        =   0,    y  =   0,    X  >   0,    k  =  ^  >  0 

y       XX  ^d 

(3)  ^y  =  f(x),    y  =   0,    X  <   0 
ik)      ^  — *>  0,    x"  +  y^  — i>  OD  . 

In  this  case,  f(x)  =  -s  h  ,  no  constant  terms  appearing 
as  they  do  in  the  general  three-dimensional  case.   This  corres- 
ponds to  the  fact  that  an  Infinite  ship  cannot  be  tilted  at 
any  angle,  however  small,  since  it  would  lead  to  an  Infinite 
displacement  at  -co  . 

Nov;  replace  ^       by  -'^        in  (2)  and  let  ^     =  u.   The 
XX      yy  y 

problem  for  u  is; 

Problem  II;    (1)   /^u=  0,   y  <  0 

(2)  ku  -u  =  0,  y  =  0,  X  >  0 

(3)  u  =  f(x),  y  =  0,  X  <  0 

2   2 
(I4.)  u— 5.0,  X  +y  — >oo. 

It  becomes  evident  later  on  that  f(x)  must  be  restricted 
so  that  it  is  integrable  over  (-00,0).   In  particular  it  will 
be  assumed  that 

f{x)r^  T-T-o  »   e  >  0  ,   as  X  — =>  -co  . 

'Je  solve  first  f(x)  =  5(x-a),  a  <  0,  i.e. 
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Problem  III:      (1)      /\^  =   0   in  y  <   0 

(2)  ku  -u     =   0  on  y  =   0,    X  >   0 

(3)  u  =  5(x-a)    on  y  =   0,   X  <   0 

>  00  , 


2        2 
(ii.)      u  — >  0     as  X    +  y 


u  Is    then: 
Problem  IV: 


Now  let  u  =  u  +  i«  '^ — y--  •     A^  ^  .     The  problem  for 


+  i«-i-ony=0,    x>0 


(1)  /\^=   0  in  y  <   0 
(3)      u  =   0  on  y  =   0,    X  <   0 

c 

—  2        2 

(  Li.  )     u  — ->  0     a  s  X    +  y     — >  00  . 

The  reason  for  the  term  —  •  •^--   o  will  be  evident  later. 

X  +y 

Finally,  let  u  =.Re  P(z),  where  F(z)  analytic  in 
Im  z  <  0.   Thus  we  get,  as  the  problem  for  F(z),  the  following: 

Problem  V:     (1)  F(z)  analytic  in  Im  z  <  0 

(2)  Re  rkP(z)-iF^(z)+i L-^-i.-^]=0 

on  y  =  0,  X  >  0 

(3)  Re  F(z)  =0   ony=0,  x<0 
(l|)  F(z)  — >  0  as  Iz  1  — >  00  . 

[2,2]   We  now  solve  for  F(z),  using  analytic  continuation. 
Continuing  F(z)  across  x  >  0,  we  have: 

(1)    kF(z)-iF^i-)+^'  _^  Z'\'h. 


kF(z)  -  iF'^(z)  +i*  ■ 

'^      (z-a) 
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(2)  P(ze"^^^)  =  -P(z).   Substituting  (2)  into  (1)  there 
results: 

(3)  -kP(ze"^^^)  -  ip-'-Cze'^'^^)  +  kP(z)  -iF^(z) 

2     1    2   1  _  ^ 
^  (z-a)^  ^  ? 

v/hich  is  a  differential-difference  equation  for  F(z). 
Now  assume  that  P(z)  can  be  represented  in  form: 

F(z)  =  J    e-Q{Z)dK     for  -n  <   arg  z  <  0  where  P(z)  is  a  path, 

P(z) 
as  yet  undetermined,  which  may  depend  on  z. 

We  al so  as surae : 

P(ze'^'^^)  =   I        e^^g(J^)d^  for  -3it  <  arg  z  <  -Zit 
P(ze-2-l) 

where  P(ze~."^''')  is  a  path,  as  yet  undetermined,  ^^rhlch  may 
depend  on  z. 

Therefore  ' 

P^(^)  =  j^   e^^  K&{K)dK 

P(z) 

P(ze-2^^) 

Substituting  in  equation  (3)  we  get: 

J     ^  (-k-i^)g(J^)e^^d^+  j   (k-i^)g(^)e^^d?; 
P(ze"^^^)  P(z) 

2    1     2   1  _  ^ 
^  (z-a)2   ^  7 
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Let  ^e"  "^  =  ?^  in  first  integral. 

-  r  (k+i^^)g(^:V''Se^^  d.K 

e-2^^P(ze-2^S 


+  f  (k-i^)g(^)e^-d^+| 1   -|.  1  =0 


F(z) 


^  (z-a)'^'  ^  z 


[k)      -    j    (k+i?)s(^e^^^)e^^d^+ j^   (k-i^)g(^)e2^d>: 

r^Cz)  P(z) 

^2    1     2   1  _  ^ 

where  P-i(z)  is  the  path  P(ze~  ^  )  rotated  clockx^rise  through 
angle  Zit.  Now  let 


^----^=1    e^^h(^  d^   . 

U  aj      z    p^^j 

We   can  revjrite    (I4.)    as: 

J        e^^[(k-i^)g(>^)  -(k+i^)g(?e2^^)  +  h(^)]d^ 
P(z) 

+  J      (k+i^)g(^e^^^)e^-d^-  J         (k+i^)g(^e2^^)e^^d?  =  0      . 
P(2)  P-^Cz) 

The  above  equation  will  be  satisfied  if: 

(6)  ^      (k+i^)g(j:e^^^)e^^dJ:- J    (k+i^:)g(^e^^^)e'^^dJ:  =  0 
P(z)  P^(z) 

Let  P(z)  be  the  path  from  -00  to  0  along  negative 
imaginary  axis. 
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Therefore 


h{K)   =--  K{g'^^  -1)  . 


11 
Equation  (5)  then  becomes: 

(7)  (^+ik)g(?)  +(>:-ik)G(^e^^S  -^  ^(e"""^-!)  =0   . 

Vie   now  look  for  a  solution  of  (?)•   In  the  end  result  we 
may  neglect  (6)  entirely  and  verify  the  boundary  conditions 
directly. 

[2,3]   To  solve  (7)>  ^'e  must  first  solve  the  homogeneous 
equation: 

(8)  (^+il:)g(^)  +(^-ik)g(^e^^S  =  0  . 

1 
n-  2 

Let  g(^)  =  K  ^(?)  where  n  is  an  arbitrary  integer. 


Therefore 


n-4  n-  ^ 

(^:+ik)^   ^  ^{K)  -  (^-Ik)^  ^  ^iK.e^'^^)   =  0  ,   or 


(9)  (^+ik)vl/(?;)  -(^-ik)>l;(^e2^^)  =  0  . 
Let  ?(^)  =  ^{VZ).      Thus  ^  satisfies 

(10)  (^+  i)^(.-)  -  iK  -  i)^(?e^^^)  =  0  . 


i'iKe^'"'^)   _  K+i 


^{K)  '- 


/»» 


In  ^(J^e^'^'^S  -In  '^{K)   =  In  |4-i   let  H(^)  =  In  %{K>) 

(11)  H(^e2'^^)  -IK^:)  =  In  |4-i  . 

Now,  H(^)  can  be  represented  in  form: 


-  -■  (^)-- 


^.     i 


l»  •.;,      X      ■  .V. 


■ni    :\\j-j 


J.    ^  .     -     >.'-.. A 


fr-,.     ^ 


•  *:' '  y^  i 
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H(y)    =  ^    f       -^  In  144  ^^       ^■^^^^    ^^  ^   function 
-00 

analytic  In  -it  <  arg  ^  <  or,  which  satisfies  (11)  at  least  when 

^  approaches  negative  axis  from  below.   Since  In  r—: >  0  as 

t  — »  00 ,  we  can  continue  H(^)  into  other  regions  of  the  ^-plane 
by  moving  the  path  of  integration  clockwise  or  counter- 
clockwise. Hence,  due  to  the  preservation  of  a  functional 
relation  by  analytic  continuation,  vre  may  say  that  (11)  holds 
wherever  H(^)  is  analytic.   Thus  ^=  e  '^^  satisfies  (10). 

[2,14.]  We  now  derive  the  major  properties  of  H(^)  and  ^{K) ' 

(1)  H(^)  regular  in  whole  plane,  except  perhaps  negative 
axis. 

^{K)   regular  in  uhole  plane,  except  perhaps  negative 
axis. 

(2)  For  K   real  and  >  0, 

H(^)  is  real,  since  In  ^r-i-   is  pure  imaginary  on  real 
axis.   Therefore  ^{K)    >   0. 

(3)  For  K   real  and  <  0,  (^  approaching  negative  axis  from 
belox^;) : 

H(^)  =-2-  1-^  pri+^'^*'^)  where  P.V.(^)  is  real. 

Therefore  l/{r)    =  j|^  e^'^'^^^.   Therefore  (^+i)4?'(^)  >  0. 
(14-)  As  >:  -»  00  , 

H(^)  =^^r^+0{y)  (Peters  [2]  pp.  338-9)  . 

Therefore   ^K)   -II  -  i^+0(i)  for     -it  <  arg  ^  <  7t    . 

(5)     As  K  — >o, 

H(>:)    =  -  I  In  ^: +0(^   In  y)  (Peters,    ibid.) 

Therefore  -1  , 

nK)   =  K  ^  +  0{r?  In  K)      . 
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The  corresponding  properties  for  ^{K)   =  T(^/k)  are; 

(1)  ^{K)   regular  in  whole  plane  except,  perhaps,  negative 
axis. 

(2)  For  K   real  and  >  0, 

^iK)    >  0  . 

(3)  For  ^  real  and  <  0, 

(if)  As  >:  -^co,  ^{K)  =1+1  ^%^  +  o(|)   • 

1  ^1     1 
(5)  As  ?;  — >0,  ^{K)    =  k^  ^  ^  +0{K^   In  ?;)  . 

[2,5]   To  the  general  solution  of  the  homogeneous  equation  we 
must  add  a  particular  solution  of  the  non-homogeneous  equation. 
To  get  one  such  solution,  let 


6(^)  =  go(^)gi(^) 

'ticular  so! 
the  homogeneous  equation,  i.e. 


where  o^C^)  is  a  particular  solution,  as  yet  undetermined,  of 


(>:+ik)g^(>^)  +(>;-ii,)g^(r,e2^^)  =  0  . 

Substituting  in  (7): 
(^+ik)g^(^)g^(>C)  +  (r-ik)g^(^e2^i)g^(Xe2Tti)  .  £i  ^(e'^-l)   =  0 
or 


Therefore 


27tl,    _  21.     g(e-°^-l) 


(-1  r 


'«V-'  tp.fi'':  ('    V  lv'--',:/t  !)■ 
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As  we  did  for  H(^)  previously,  we  may  vnr'ite; 


^0 


-°°  '  -dt 


2i      Jtje2    -  1) 
TT  *  (t+ik)F7TT 


dt 


Now  it  is  evident  that  g  (t)  must  be  chosen  so  as  to  get  a 
convergent  integral  for  g,  (>C)« 

Hence,  finally,  the  general  solution  of  (6)  will  be 

c^g(^:)  +c2gQ(^)g^('^) 

where  c, ,  Cp  are  arbitrary  constants  and  g(^),  EniZ)   are 
solutions  of  (8).   It  will  be  seen  that  in  order  to  (a)  satisfy 
the  boundary  conditions  and  (b)  restrict  the  singularity  at  the 
origin,  there  is  only  one  choice  for  c,,  C2  and  g  (J^). 

[2.6]  VJe  now  verify  that  P(>^)  satisfies  the  boundary 
conditions  for  suitable  choice  of  c,,  Cp  and  any  g(^),  g  (^). 

0  0 

P(z)  =  c-L  r   e^-g(^)d^+C2  J  e^^g^{K)s-^{K)dK      . 
-ioo  -ioo 

I.   Let  z  =  X  <  0. 

0  0 

P(x)  =  c^  r   e^-g(y)+c2  J  e^^g^(^)g^(^:)d^   . 
-ioo  -ioo 

it 

Vie   may  rotate  the  path  into  positive  ^  =  ^  axis.    I.e. 

0  0 

F(x)  =  c^  J  e^^g(^)d4  +C2  r  e^^g^(4)g^(^)d4   . 
00  CO 


Actually  in  the  rotating  of  the  above  path,  we  should  first 
rotate  the  path  into  the  positive  axis  and  then  let  y  — >  0  for 
then  Re  z^  =  x^  -  yn  <  0  and  — >  -00  on  any  ray  in  the  lower- 
right  quarter  plane.   The  Integrands  die  out  exponentially  at 

Izl  =  CO  . 


'.l"\-l    .    I 


V    L   '- 


I'    ■'■' 


+  ••■•: 


.     -■-      I. 


t   J 


f: 


-:-         \  >. 
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Nox.;  since  g(J^)    =  ^        ^i'{K) ,   go(?)   =  ^       ^(?)    and  from 
properties   of  ^{>^)   we  have: 

(a)  e(C),    go(C)   r'eal   on  ^   >   0  axis. 

(b)  (t+lk)g  (t)  pure  imaginary  on  t  <  0,  hence  g-,(^)  pure 
imaginary  on  ^  >  0  axis. 

Hence  if  c,  pure  Imaginary,  Co  real,  we  will  have 
Re  P(x)  =  0,  or  boundary  condition  (3)  is  satisfied. 

II.   Let  z  =  X  >  0. 

0 


kP(x)  -iP^(x)  =  -Ic^  r   e^^(?;+ik)g(^)d^ 

-loo 

0 

-ic2  f   e''-(?+ik)g^(^)g^(^)dX   . 


-100 

Rotate  path  into  negative   ^  =  4.      (cf.    '«-  above). 

0 
kp(x)-lP^(x)    =   ic-,     r    e^^(5+ik)g(^)d^ 


-00 

0 


-1C2 


r   e''^(C+lk)gQ(^)g3_(^)d^      . 


-co 

ITovj, 

(a)  (C+ik)g(?)»    (€+ik)g^(^)   are   pure   imaginary  on  ^  <   0. 

(b)  For  ^  =  C  <   0, 

gi(g)=r  (|itk)g;(l)--^'(^) 

(c)  ?.y.(^)  is  pure  Imaginary  from  (a)  above.  Hence, 


X)3C 


:>^    ^^r 


i       f 


r. 


.;  c 


^.  {    ',  : 


..,..r.. 
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0 


Re  [kP(x)  -  IF  (x)]  =  Ke  —  r  e"^^(e'°^  -  l)d4   since  c,  pure 


Cp  real  frora  I . 


^  +  -'  ^   if  Cp  =  1  . 


IT  /     \  c.   IT    ' 

"•  (x-a)      X 

Thus  boundary  condition  (2)  is  satisfied.   Therefore  ve    see 
that  for  0,  pure  imaginary  and  Cp  =  1,  F(z)  satisfies  the 
proper  boundary  conditions  for  arbitrary  g(?C),  g  (>^).   F(z)  is 
thus  a  solution  of  problem  V  (i/ith  regard  to  1),  2),  3)  at 
least ) . 

[2.7]   It  is  a  little  more  convenient  to  r^o  back  to  the 
original  ii   of  problem  I,  before  investigating  behavior  as 
z  — >  0,  z  — =>  CO  ,   Thus, 

0  0 

u  =  Re  c^  J  e^'^g(?:)d>:+Re  f  e^-g^{K)e^{K)dK 


-ICO  -lOO 

+ 


7t  L  z-a  z  J 


is  a  solution  of  problem  III.   Integrating  with  respect  to  y 
from  (-oo,y)  we  have 

,-^.  QiSl  d^-ne   i     f      e^^   ''°^'^!"1^'^^ 


u  =  Re   -ic^  e   ^'  ^^2j.  d^-Re   i  e"^  ^-± d^ 

^ioo  "  iiioo 


1  „      T        Z-a 
Re   lor  — - 

■K  -■       Z 


is  a    solution   of  problem  I   with  f(x)    =  5(x-a).      [In   this    step 

V 

~2^ 
X  +y 


we  see  the  purpose  of  the  seeminglj''  extraneous  term  —  •  — o^— -  . 

7T        „^  .  ..fi- 


ll 1        ^   -^J 

'•Jlthout    it   we  vjould  onlv  have  Re — p-  v/hich   is   0(  —  )    at  y  =  oo 

71  z-a  '■j'  -^ 

and  hence  v.'e  woulr  not  be  able  to  integrate  directly  to  get  u.] 


yr^ 


■L  * 


t  i-i  ' 


.'  "■;  V  «■'     0 


-  !  a        :'. 


11+ 


Finally, 


\1;  =  Re   -ic^A     f      e^-^^d^-Rei     f 


e^-  ^ — ^ dr 


-100 


-100 


0 


2        2 


-co  "^ 


wher^ 


0 


r   f(a)d 


da   ,   CtI'^)    = 


0 


-00 


-  1   r  -L. 


7: 


-at 
[t+ik)go(tT 


t     f    f(c)-(e"^^-l)da 
21  !^co 


dt 


is   a   solution  of  problem  I   vjith  \!/^    =   i*(>^)»    as    desired. 
[3«1]      'I'e  now   investigate    the  properties   of   i]/  as   z  — 5>  0, 


Z     — ^    CO  . 

where 


For    convenience,    let    »]/  =  Re    -ic,A*I,  -Re    i    I,-,  -  t,— •  I. 

11  ^       <iT[  3 


0 


I^   =  J^      e^^  £(fl  d^    ,         l2   =    J 


,^   Eo(<)ri('C) 


d^    , 


-ICO 


-ico 
0 


I.   =     r    f(a)    log  i-^l-^I-  da 
-co  "^ 


[3.2]      In  what    follows,   no  attc-ipt    is  raade   to   derive   asjrrnptotic 
expressions  rigorously,    at   first.      Rather,   a  rrxethod  will  be 
used  which  indicates,    but   does  not   rip;orously  establish,    what 
these   expressions  must   be.      In  the   end,    several  proofs   vrill  be 
given  which  show  hox'-  the   results  may  be  verified.      This   is   done 
to   save    space    since   every   case    involving  the    same   type   of 
integral  needs   sliglatly  different   considerations. 


*'•'■ 


.;.  X- 


.1  ..  >  1 


I      — -^ 


/ 
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[3.3] 
I. 


=  T 


,2^  g(|l  d^  vhere  ^P-  - 


-ioo 


m  ^n  arbitrary  integer. 


Prom  the  properties  of  \l/(^)  listed  earlier,  we  have: 

13  3 

(1)  ^— >oo,  ^^=K        ^  +  1^   "^^In^  +  OC^   ^) 

'  -  1 

(2)  ^— >0,   sm  =  k^  ^m-l^^^^m  -^^  ^^  ^ 

IJe  obviously  must  have  m  >  1  for  convergence  of  I,  at  ^  =  0. 
(a)   Let  ^  =  pe^^,  z  =  re^®,  -Jl®^^,  r-^oo. 


Put  a  =  -Tt-©  so  that  ©+  a  =  -tc.   In  the  range 
—K-e  <  ct  <  -  •§>  ^*^e  have  that  -  ^<  -  =^-©<©+a<  --^so 


7t 

2 


that  Re  zJ^  <  0.  Thus  the  shift  of  the  path  of  integration  is 
valid.  Therefore 


la. 


0 


^=Je-^.M^.p=J 


I,   = 


-rS(?e^") 


CO 


00 


r 


r 


For  r  — >  CD  ,  I,  depends  cnl^'"  upon  the  behavior  of  g  in  a 
neighborhood  of  the  origin.   Therefore 


I-, '^^ 


-I 


,  'd     ima  c '  ,   1  r  f    rri+l  T  ^  \ 
r    r 


d^    c 


If  -t:  <  ©  <  -  •^  ,  let  a  =  -ii-©.   In  the  range 

-  ^  <  a  <  -It-©,  we  have  -•^^  e+a<-^-©<  -5  so  that 

Re  z^^  <  0  and  the  same  argviment  holds.   For  ©  =  0,  as  in  the 
verification  of  the  boundary  conditions,  we  first  shift  the 
path  and  then  put  ©  =  0. 


••■  r    ,'  ■■  , . 


(.>^ 


/  >     « 


V-      'Y-'j  ■ 
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Thus  as  I  z  I  =  r  — >  c»  , 

T      ° 

1,   j.ra 

(b)   Let  r  — >  0.  We  may  consider  only  the  path  from  any  finite 

0 
non-zero  value  of  p  to  oo  since,  as  r  — >  0,  C   — >  constant. 

Thus  \<!e   consider  ^ 

It  '^  J   e 


I 


■1   J         £. 

00  P 

Ue  now  substitute  for  g  its  expansion  near  infinity,  i.e. 

^r     •  /    1 X   m  +  -jT  .V,  1 

J  m  +  i   m-1  ^    m^ 

r     r  r 

This  singularity,  however,  is  too  lar.^e  to  be  admitted 
(since  m  >  1).  Hence  we  must  put  c^  =  0  to  remove  it. 

[3»k]        I2  =  J  ^       -- — ^ d^  where 

-ico 

0       ■ 

-00    /  .   t  J'  f(a)[e'"^  -l]da 
Sl(^)  =  2iT  J  t=^  [ t  •  "^    (t^ik)G^(tl ^  ^* 

To  investi^^ate  the  behavior  of  Ip  as   Izl  — >  00  ,  we  must 
first  obtain  the  behavior  of  g-|(^)  at  >;;  =  0,  00.  Hence  let 

0 

t  J   f(a)[e~^*  -l]da 

h(t)  =        (t+ik)g^(t) • 

Assume  that  f(a)'^ ^— — ,  as  a  -^ -co  and  f  integrable  at 

-a) 
0 
a  =  0.  Also  that  P   f(a)da  ¥   0  for  the  present. 

^-00 


c; 


'hC'     I: 


<-i  y  .r  • 


.r',?    vTrv- 


ov'      ;'y  ■■: 


J. ^, ,,,  -1 ... 


,  ,  -'       ..      •■;  l;      .-  -  ' 


^'  ■-. .    ••>.., 


r. 


.'  ;:ai 


tf'-Ht   .■•;;  ro/u^i: 


^^i^Joi    \7''  '' 


{ ::  '■ij. 


bzjis 


ITS'.':.:'' '-xl    r^::^!  v.c. '■'■•';^r- 


•■  =  y  I  K  \  ■ 


iJ.Oi 


•rt^-^r'v 


^'^•'  ~ .;  1  / 


LV 


r-      '        'J  J..'  ,•    1    /  \  .,  M 


.;.       a'  * 


•f.-:-Ai 


N-  •  I 


'■    '.[■- 


■yn  - 


if  -   > ' 


'\     ;.i 


:^J    -0'^   i>   H  job: 


0  -  1 


?} 


-fKi<'   '-. 
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(1)   Let  t  — >  o". 
0 


0  -k 

)[e"^*-l]do  =  r  f(a)[e"^*-l]da  +  r  f ( a) [e"^*-l]da 
-00  -k  -00 


Jf(a; 


For  any  k,  the  first  term  Is  0(t).  Choose  the  k  large 

1 


enough  so  that  we  may  replace  f(a)  by  ^—r- 

intec:rs.l.     Hence  ^"'°'' 


In  the    second 


0 

J 

-oo 


-k 


f(a)[e"^"'^-l]da  ^  0(t)  + 


-co 


e-^*-l 
(-a) 


da 


Noxj,    put   at  =  t   ; 


-k  .  -kt  y 

-oo     ^        '  00      ^      t 


^=  (-t)^ 


-kt 

CO  ''^ 


=  (-t) 


=  (-t) 


e   e      -1 


-kt  -kt 


00 


IP        -r  dli 
e        — 


CO 


kt     T 
e   e      - 1 


-e{-kt)' 


kt     . 
e       -1 

-e{-k) 


(-t)' 


-kt 


(-t) 


/ 

00 


-kt 

i 


■X   dt 


The    first   term  is  attain   0(t).      In  the    second  term  of  e  <   1,   we 

0 

o'    —  =  constant. 

e  oo  r 

Hence   second  term  is   0[(-t)    ].      Thus  for      0  <   e  <   1, 

0 


J 

-oo 


f(a)[e'^*-l]da  =   C[(-t)^]      . 


in  ~ 

'  -  :  V  ■ 


>{^^ 


T>  y      /•<  t .  . 


-'-:."'•     V. 


*    J.   /(   .      '■■"  V  ,J 


■'  i 


•  r .. 


1    '■. .;  ■''  t 


,;   -1       -[1 


..iTf^ 
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Nox^r  if  e   =  1,   we   integrate  by  parts  again,    i.e» 

-kt  -kt        -kt 

-t   r     e""^  ^  =  -t   e'^  Inr    f         +    f      e~^  Inr  d2? 
00  CO  oo 

-kt 

=   -te^*   In   (-kt)  -t   r     e~      In^  dt  =   0[t   In   (-t)]   as  t  — >  o'. 

io 

Finally  if  e  >  1,  repeated  integrations  by  parts  show  that  the 
lowest  order  term  we  get  is  0(t). 
Thus  we  have  the  results: 

(1)      as   t  — £>  0 

h(t)^     (a)     illl^   ,        0  <   e  <  1 
t"" 


(b)      ^^^, 


t"-3 


e  =  1 


(2)      as   t  — >  -co  , 


(c)     -^  ,  e  >  1 


h(t)  ^  ~ 


r 

n-^ 

(-t)     '^ 


where  ^ 


-i    f    f(a)da  ^  0 


-00 

by  assTomption  since 

0  0 

r    f(a)[e"^^-l]da  -»  -     f    f(a)da 
-00  -co 

and  S^{t)  '^  t  as  t  — > -co  .  Hence  from  (1)  and  (2)  it  is 
evident  that  for  convergence  of  the  integral  defining  gn(^), 
x-^re  must  have  1  <  n  <  3. 


■Jf-i  m  Ji'. 


■  V  , 


'  1 

I. 


'•.^-   .1  :>;  '•   ^;a  '■ 


•v;rf 


iJ-!    & 


\  J  -.' 


(*.)     ^.^[■r^^ 


,  jj-  -ii- 


i'-iry 


■\\  ■) 


l\-\ -,   ^.  _- 


.  r 
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Now, 


7t       ^o 


-00 

h(t)  ^^ 

0 


where  h(t)  has   the  above  properties.     VJe  must   consider   cases 
(a),    (b),    (c)    for  each  value   of  n  =  1,2,3  for  ^  ->  0,   ^  — »  oo  . 

(1)      let  ^  — »  0. 

For  n  =  1,2,  obviously,  and  cases  (a),  (b),  (c)  we  have 
g,(^)  — >  constant  since  the  singularity  at  the  origin,  if  one 
occurs,  is  integrable. 

For  n  =  3, 

(a)      h(t)  '>^  \ ast— >0;      h(t)'-^ Vtj     as   t  — >  c:)  . 

-5  -00 

g^(5)  =  4  r  h(_t^  dt .  f  £LU  dt  . 


7t       J, 


t   -^ 


0  "-5 


Now  for  any  5  >  0,  however  small,  the  second  interval  is  0(1) 
as  ^  — >  0.  Let  5  be  so  small  that  we  may  replace  h(t)  by  its 
asymptotic  value  near  t  =  0.   Thus, 

-5 


0 


Put  t  =  ^Z.      Therefore 

-5A 


^    /y\  1  1         r  1  '^'^  ^  nil  \      .  const.         oc   r  _^  n 


(b)      h(t)  ^  In   (-t)   as   t   — »  o"    ;     h(t)  ^  ^rrrr  as  t   ->  -oo  . 

Similarly  to   (a) , 

-5 


5.{K)^-2\     ln(-t)^+0(l) 


Now, 


<    '■'  ' 


...Y.-:'    ..■>/ 


fV;.i. 


Ci« 


■*■  .:U' 


1  f.Ti 


"«- 


.'i  1     ;- 


;'    - 

»       ".      * 


ao 

^  -5  -5  -5 

f  d^  r    m  (-t)  --^  =  f    m  (-t)  T^  -  r    in  (-t)  ^    . 

As  ^  — ->0, 

r,  -5  -5 

r    d?    f    In   (-t)   ~^^  ^  f     In   (-t)    T^  +  c    . 

Therefore  v,  « 

^  -0 


fl(^)'-  ^J    d?  J    In   (-t) 
"^1  0 


Put  t  =  Zt, 


dt 


dt 

2 


y 


0  '^v.---) 


-^)dr 


=  If    in?  as  f    ^^.iff    r    li^(^ 


Therefore 


g^(?)  ^  c(ln  K)    ,   as  >:  ->  0    . 


(c)      h(t)  '^  1     as   t  -»  o";      h(t)  '^^    Vy^r     as   t  -^  -co  . 


S-L(?)-^-^f    ^-^cln^,      as^-^0. 


^       0 

(2)      Let   ^  _>  00  . 

-co 


t) 

0 

1  1 


Put  -^  =  p,  ^  =r  . 


s 


71  t/_ 


°     ^h(i)dt 


-00 


-££_.  •■ 


S  "( 


'.-.1 r 


"3*    H' 


)      „■■.» 


<••    T 


21 


As   in   (1),    now,    the   behavior   of  g.  (^^)    as  J^  — >  oo    Is   given  by   the 

11 
behavior   of  the   Integral  as   p  — >  o.      The  behavior  of  -:h(— )   as 

Z—^0~,    r -^ -oo   Is: 


(1)         ih  (|)  ^  c^(-r) 


n.| 


(2)  ih(i)^  J   (a)        "= 


,      as   1; — >  0   . 
n-3 


(-r) 


e    ' 


0  <   e   <   1 


,n^k 


(b)      -  r"  ^  In  (-T)    ,    e  =  1 


(c) 


n-k. 


e   >  1    ,      as    "t  — ^  -00  . 


L 


Now,  for  n  =  2,3  and  cases  (a),  (b),  (c)  ii/e  have  gi(^)  ^  const,  p, 
as  p  — >  0,  since  we  majr  let  p  -^  0  under  Integral  sign,  the 
resulting  function  being  integrable. 

For  n  =  1,  cases  (a),  (b),  (c),  v;e  have 


-co 


-'  ^h(i)dt 


0   1,  ,1 


^..v^/-u   p  p  -h(^)dr 


p  -r 


71   J 


-5 


P-^ 


Now  for  any  5  >  0,  first  integral  is  0(p).   Hence,  as  before, 

PC   ^ 
Gl(^)  -^  0(p)  --4  f  1_.-L^  dr=  0(p)  +  0(p^/'^)   as  p  ■ 


0. 


Therefore 


or 


'  1/2 

-(^)  ^  const,  p  '^   ,   as  p  — >  0 

as  /^   — >  00  . 

Thus  we  have  the  results  for  g-,{K): 


^  ,v\        const. 
g^(^)^__^_^  , 


■i:i^'^ 
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For     n  =  1,2,    cases   (a),    (b),    (c):      g^{K)   =   0(1),  K  -*  0. 


case      (a) : 


gi(^)  =  ^(-ttt)     ^^  ^  — >o- 


g-(^;)   =   0(ln^^)      as  ?: 


n  =  3, 

n  =  3,        case  (b) : 

n  =  3,        case  (c):  g'^(^}   =   0(ln  ^)      as   J^  — >  0. 

For     n  =  2,3,    cases  (a),    (b),    (c):      E^{K)   =   O(^)  as  ^ 


0. 


oo 


n  =  1,        cases    (a),    (b),    (c):     t^'X)   =  0(-]^)      ^^ 

S3 


OO 


l/e  now  have   enough  information  to   consider   the   integral 

2  ^y     Boi^)^r(^) 


I 

-ICO 


K 


dK 


where 


n-l 
g^(^)   =  Z       ^   ^iK)    . 


First  vre  observe  that  n  7^  1,  since  then 

°   ^ =  0(i)  ,   ?^  —>  0 

for  cases  (a),  (b),  (c),  and  hence  is  not  integrable  at  ^  =  0. 
Next  we  see  that  n  7^  3,  for  then 


_2_ — ^ =  o(j^  /  )  as  K 


00 


,-3/2 


and  Ip  will  have  a  singularity  as  z  — >  0  of  order  z  -^'  ,  which 
is  too  big  to  be  admissible.   Thus  n  =  2.  For  this  n  and  any 
case  (a),  (b),  (c): 


cAK)t{K)       J 


0(1) 


as  K 


0(-^)   as^ 


CO  , 


By  shifting  path  to  get  a  negative  real  exponential,  as 
before,  we  get: 


QC 


(^O    .!>^; 


i^O 


(  -•-    • 


-•  ■  .J.-v 


'  Jt  ,  -  '^ 


3VRr: 


•*      •.  :  ■%■  \    ". 


K-i. 


r"V-v   . 


.    ( 


nr;t'    , 


jvr.;i 


.   '  !j  ) 


■^2   ~   ^^"z^  as    z   — e>  cx) 


I9   =   0(    ^  j'i)      as    z  — ->  0    . 


[3.5]      In  the  preceding,   we   assiimed  that 

0 


f   f(a)da  7^  0 


-00 

This  a s siurr) t i on  uill  noxi/  be   removed.      Nov;  assvime 

0 


J  ^""' 


.    Jda  =   0      . 
-co 


This  condition  only  affects  the  behavior  of  h(t)  at  t  =  -00. 

For  now, 

t  /  f(a)e~'^*da 
-co 


'"(^^  =  -Tt^iklgo(t)   • 


The  behavior  of  the  integral  as  t  — >  -co    depends  upon  the 
behavior  of  f(a)  near  a  =  0.  Assiome,  since  f(a)  must  remain 

integrable,  that  f(a)  ^  -—■  +  ». ,   near  a  =  0,  where  0  <  5  <  1. 

a 
In  integral,  put  at  =  1^  ,  and  consider  range  (0,-^)  as 

before .   Thus 


0  0  0 

,5   -^  d-t   ^1 

^   -T  TTTE 


J  f(a)e-^da=  J^  f(l)e-^  ^  ^  c,  |  (|)- 


Hence,  as  t  — > -co  , 


As  t  — >  0  ,  we  have  as  before; 


^4;'  - 


^•.  CJBZZ 


1  i. 


r'' 


i:'--^      !•  ■" 


.(■  .   '■■■ 


2k. 


h(t)^J  (a)  ^^^     ,    0  <  e  <  1  . 


(b) 


(c) 


In  (-t) 


y^     ' 


e  =  1  . 


e  >  1  . 


Wow  If  5  <  •!»  we  may  admit  n  =  0  in  addition  to  1,2,3  as 
values.  If  6  >  ^,  we  have  only  cases  n  =  1,2,3.  We  now 
consider 

-00 


71    ^rv 


0 

(A)   Let  ^  — 3>  0. 

(1)   n  =  0,1,2;  cases  (a),  (b),  (c) 


gl(^)  =  0(1) 


(2)   n  =  3;  case  (a) 


%(^)  =  °(;t=t^ 


(3)   n  =  3;  case  (b) 


-^^iK)    =   0(ln2^) 


(Ij.)   n  =  3;  case  (c) 


%{K)   =  0(ln  y) 


(B)   Let  ?^  -^  oo. 


?i(5)  =  -  ^  J 

-00 


°   |^(|)^^  1 

p-r    ,  P  -  -^  . 


Now  behavior  of  ^h(i;)  is  given  by  follov;ing: 


ih(i)  ^-C3_i(-t)''-V2-5  ^   ^3  x-^Q-    . 


■^f>.  :-A  \r- 


i    -  \ 


25 


1  V.  ,^\ 


/ 


(a) 


0  <  e  <  1 


(b) 

L  (c) 


-t^'^  In  (-r)  ,   e  =  1 


^"-^ 


e  >  1  ,   as  t  — >  -00 


(1)   n  =  2,3i  cases  (a),  (b),  (c) 


g'^(^)  =  0(i)   . 


(2)  n  =  Ij  cases  (a),  (b),  (c);  5  <  ^. 

(3)  n=l;  cases  (a),  (b),  (c);  5>^. 

(It-)   n  =  0;  cases  (a),  (b),  (c);  6  <  ■^ . 

We  now  consider  again: 
0 


-lOO 


^  g^(^)gl(^) 


y —  d^  v/here  S^iK) 


_   ^n-1/2 


^(^) 


Novj  n  7^  0,1  for  then 


p '^  —^  »  7"  >  4  — >  <J  » 

respeetively,  vjhich  is  too  larn;e  a  singularity  at  ^  =  0.  Also, 
n  7^  3,  for  then 

golilGi(^)     1/2 

y .  .^^^   / 


as  J^ 


00 


'.'l-  ')    nj;. 


./      >■'■■.'      i 


which  leads,  as  before,  to  a  singularity  at  z  =  0  which  is  too 
large.   Thus  n  =  2,  ^-Je  get  then  the  same  results  as  before, 
viz: 

I2  =  0(|)  ,     z  -*oo 
I2  =  O^HT^"^  *   z  — 3>  0  . 
[3,6]   Finally,  we  consider 

I  =  f  f(a)  log  iiilfl^-s!  da  . 

(A)      As  x,y  — >  0. 
Evidently, 

0  0 

1-2     r      f(a)    log  (-a)da  -    r   f(a)da'  log   (x^+y^) 
-00  -00 

since   the   first   integral   exists 


[f(a)^-_i^^   ,      a— >-oo}    . 
(-a; 


Thus  I„  has  a  logarithmic  singularity  if 

0 

r  f(a)da  i   0  . 
^00 


This  might   be   explained  as   follovjs: 

^  =   -Re   i   I„  -  ^  I_ 
2      2tt     3 

0 


^  '^?K    J  ^(ct)da  •  log  (x^+y^)+  ...      . 
-00 


No^^r   since   f{a)    =   -s  h    , 
^  o   a 


J  L  "•>     :•'  c 


'•:  f  ■ 


7^V 


.,T 


:^'\..  X  : 
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0 


r  f(a)da  =  -s^     r  h^da  =   -s^[h(0)  -h(-oo  )]      . 
-oo  -oo 


Assijme  h(0)    =   0.      Thus 

0 


r  f(a)da  =   s^h(-cx3  )    . 


-oo 


Nov;  if  h(-oo)  f   0,  the  shape  of  the  hull  looks  like 


h{  -co) 


if  h(-co)  <  0  ,  and  like 


h(-oo) 


0 


if  h(-oo)  >  0.   The  singularity 


is  thus  a  sink  or  a  source  respectively,  V;rhich  takes  away  or 
adds  exactly  enough  fluid  per  unit  time  to  compensate  for  the 
shape  of  the  hull  at  -oo ,   Of  course,  the  second  case  could 
not  occur  for  then  all  but  a  finite  part  of  the  ship  vxould  be 
Out  of  the  water.   Such  a  condition  would  lead  to  a  different 
problem  at  the  outset. 

(3)  As  X  +y  ■ 


00  . 


ITow, 


-k 


=  J^J 


-00   -k 

For  any  fixed  k,  second  integral  • 

first  integral: 

2   2    2 
(1)   Let  X  >  0,  X  +y  >  M  >  1. 


2  2 

0  as  X  +y 


00 


In  the 


.2  2 


log  iiil^I-^Z-  :--  logl-.-^ 


■2 — 2 
X  +y 


2 — 2 
X   +y 


2ax 
X  +y 


<  log  1+^  +  ^^  <  log  (1+  lal)^   . 


Vv 


■J  -  \h  - 


/,:'.  i-l:-,: 


fl>-- 
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(2)   Let  X  =  0,  x^+y^  >  M^  >  1. 


log  i2SZ^I.   =  log  ^±J-  =  log  1  +  ^ 
X  +y  y  y 


<  log  (1  +  a  )  <  log  (1+  lal)' 


(3)   Let  -  ^  <  X  <  0,  X  +y  >  M  >  1. 


,2     2 

x'+y" 


n^o.  (x-a)  +y  _  T^„  T  .   a      2ax: 

log      2    2~  -  i°s  1  +  -T-2- "  -r-T 


X  +y    X  +y 


<  log  (1+  a  )  <  log  (1 +  lal^) 


1'    2   2     2 
Thus  for  x  >  -  2  *     ^^y  >I^  >1» 


0  <  log  liSl|i!±z!  <  log  (1+  lal)2   . 
X  +y^ 


Therefore 

-k 


2  2 
(x-a)  +y 


-k 


r    f(a)    log  i^l|ili2l  da  <    r     lf(a)l    log   (1+  lah^da     . 
J  X  +v  J 


-03 


-OO 


1  o       o  o 

(4)      Let  X  <   -  •5-  ,    y  7^  0,    X  +y     >  M     >  1. 


-k 

r 


2x        -k 


-  CO  -  00         cX. 


In  first   part. 


0  <   log  iiSlfiiil!  =  log   1+^^-  -1^  <   log   (l+lal)2 
X  +y  X  +y  X  +y 


Therefore 


.«  .■'• 


tiiGI  ^ 


V' 


L;,i  -f  i  ;   r.x 


y^oi 


/  •  ^  I 


r      •* 


,     .    5  =* 


■;■     .t 


V 


'{^ ,!  -^  ■  • 


'+    -■ 
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2x  2      2^^ 

r    f(a)    log  i?Sl|l+Z_  da  <   f      lf(a)l    log   (1+   lal)^da 

^oo  ^  -^y  'ioo 


+y  --00 


<    r     lf(a)l    log   (1+  lal  )    da     . 

^00 


Also, 
-k 


-k  2      2  .  2        '^^ 

J     f(G)   log   ^.^"g^   ^y     da  <   -   log  -g^    J      lf(a)lda 
2x  ^  "^^T  X  +y      ^2x 


<  -   log  -^^-^      f     lf(a)lda      . 


-00 


If     X  =  r   cos   e 


-71   <    ©  <    0 


y  =  r   sm 


-log     2^  '2  ~  "^°6   sin  © 
X  +y 


which  is    finite  as   long  as   ©  >  --rt  +  ©-,  ,    ©-,    >   0. 
(5)      Let  X  <   -  ^,     y  =   0,   x^+y^   >  M^   >  1. 


-k 


2x   -k 


r  f(a)  log  (^)^da  =  r  + 

'^-co  ico 


-co   ^x 


4 


In  first  part, 

Tlier  afore 
2x 


0  <  log  (^)^  <  log  (1+  lal)^   . 


-k 


r  f(a)  log  (2z^)^da  <  r   lf(a)l  log  (1+  lal)^da   . 
-co  ^-oo 


In  second  part. 


O^'. 


CXI- 


L 


J-.J3 


ol  +  i;    j,0J.    .;;:  r 


I 


f..r'i! 


r.o„ 


pi> 


Di> 


Of  -' 


.^...JW-     'iOl     ' 


I*"    "■ 


a    > 


r'-  *^      > 


'nle    sol-.   - 


C" 


v-i.    y 


-  r 


c 


•-OJ.     1 


V   !  0  1 


r.o- 


<•. 


^'"  ;  !  ;;,  !  +  Jl)   ?'"^    *  (j-- Vr 


ijij-- 


f 

2x 


^   f(a)   loe   (^)^da 


-k  ,      e 

,    ^  .  ^,    ,  .  1  .__   ,x-a^2 


=    r     (-a)        "^  •  f(a)  • — -'  log   {^)^da     where   1  >   e   >   0 


2x  ,       .^""r 

(-a) 


T  _..  e  -k  h^„  ,x-av2  I 
1+7  n  Hog  ("T")  ' 
<       max      •    (-a)  •  f(G)  •         t-t^^tt —  da      . 


2x<a<-k  %        (-a)        ' 


In  Integral,  let  a  =  tx. 


f    lloc  (^)^lda       _,  T    llo^ll.-^)2ld. 


2^        (-a)--^/-  (-x)^/-       J2  z 

0  P 

<  1  f      llog   (1-,'^'  ^ 


-rrlaX^^J.  x.here 


(-X) 

^  "J  — :p^^ 


0    ,  2i 


Hence 
-k 


f    f(a)   log  (^)2da  <  ^~^'      max     ( -oJ^-^'/^f  ( a)      . 

^2^  ^  "  (-x)^/^      2x<a<-k 

Prom  (l)-(5)  above,  we  see  that  by  first  choosing  the  k  large 
enough  we  may  make  the  integral 

f  f(a.)  log  (^-g)V^  da 

as  small  as  we  please,  even  xualformly  small  as  long  as 

9  >   -71+©,  in  (I4.)  above,  no  matter  vrhat  x  or  y  are,  as  long  as 


1 


.1:  ',' 


■  '■  , :"  ».X 


): 


Cf.    ■•y'''. 


2   2  2   2 

X  +y  >  1.  Thus  as  x  +7 


00,  we  vrill  have  I,  — >  0  uniformly 


in  any  sector  excluding  the  negative  axis.  Also,  even  on 
negative  axis,  I_  — >  0. 

[3.7]  Thus,  finally,  for  the  solution  to  the  problem 


v!;  =  -Re  i  Ip  - 


we  v;ill  have: 


(1)   v!/  -»  0  as  x^+y^ 


•2  "?i  ^3 


00  along  any  ray  in  lovjer  half-plane. 


sh(-co)       p   2      const        2   2 
(2)   t-^-^-^xr •  log  (x'^+y^)  +  Re  22I1^±J.   ,  as  x^'+y'"  — >  0, 


z   =  x+  iy,  if  h(-co  )  ^   0, 
const . 


/I 


\!/  -^Re 


^ 


if  h(-co  )  =  0   . 


We  noT'7  append  proofs  of  certain  facts  which  were  omitted 
in  the  preceding. 

0 


Let  ^  be  real  and  negative. 

0 
H(5)   =  -  I  in  |tiH-  P.v.  ^  I     ^  m  |±|  dt 


-co 


r.v. 


0 
^      1 


2n± 


J 

-00 


;p— ^-  In  |ii  dt   =     lira    - 


>:-£  0   N 

2^  J      "^5^  J     I 

V-  -co  ?+e  -^ 


:t    -.1  *    rv  ;   ;  ■?;>;■- 


^•i'   -Pino'-v- 


?  j.^    , 


If    .':'!:,.  -•'".. 


-;-'  -  t    v 


i'^  %> 


;•••  ' 


If  llni±idt=^r       In  1^4  d  In   (^-t) 

rjri    J  t'l,  t-i  2tix    J  t-x 


-00  -00 

K-z  cL,-z 


=  ^j  In  |±|  In   (X-t)        I      +21     ?       In   (^-t)   -^  I 


-  C»  -  00 


In   iS'^l"^!"   In  e  +  2i       f      ln(>:-t) 


-co 
0  0 


dt 
t+1 


^+e  ^+e 

0 

=  ^-[ln(.l)    m  (.^).lni|±|}±ilns+21  /     m   (t-O-f:-). 

Therefore 
.    ,  0 

■n     TT  1  C  1         Tv,      t  +  i       ,.       _     In     (-1)      T^      ,       yv 

i^oo 

^  0 

+  i    f    In   (^-t)    -fi-  +  i   r     In   (t-?;)   -^     . 

^  J  t^+l        ^  i  t^+1 

-00  X 

Let  >^f  =  t   In  the    integrals 


P.V.    {a    =  %[:^^    In   (-?:) 
1 

J   ??Ti        ^        i  ??Ti 


27ci 
1  0 

n 


CO    -    -      -  i    «-C 


00 


S;- 


\^-;  '■ 


-T* 


(■    1 


U,-'  - 


I' 'J. 


)    '        '.I 


r, 


'  : .,  ■■  1 


33 


=  In   (-l),ln   {<)   ^   In   (<)    ^  K 


^TlT 


n 


^InU-l,-^ 


0 


d-t 


+  ^       In   (1-r)    -^^4 


?:  2r+i 


00 


0 
In   (r-1)    -r^^  +  ^    ^ 


since   In   (-1)    =  -iii    . 


(a)-    Let   ^  — 5>>  o".      Second  integral    Is   obviously  O(^).      In 
first,   put  (^t=  t.     \Je   get   the   Integrals, 


1    r  IMSztl  «  -  liLilii    f     -^^.ll„(-rj.0tln(.?)] 

^  J..     t  +1  ^       J     t^+1       "^ 


-00 


-oo 


Therefore  r.V.  {K)   -^'--^  In  (-^)  as  ^  — >  o'  along  negative  axis. 

(b)   Let  ^  -»  -00  .       ,  ,     , 

1  1 

Ijl-(r-l)  ^  =  ^/ln(r-l)  -^-f  as^-^-oo  . 


oo 
0 


00 

0 


N0V7, 

0 


0  1/2  0 

£  f  m  (l-r)  ^^  =  I  r  in  (1-r)  -/4  -  f  r   in  (1-r)  -^ 


d"c 


1/2 


0 


<r|£j-.in(i.t,dr-£j   ^ 


1/2 


t^+p' 


<  (-p)  In  (-p)  =  ^  In  (-r)   as  ^  ->  -00  , 


i. 


i  t 


*"  . .  \        '  c 


_     J.  ;-.. 


:j.:  ■'  -J.    •, . 


UC 


\rxO. 


?      y     .-I 


i^-i:  :i-^ 


Cr,  > 


'-."  1 


■.,•'  ' 


3k 


Thus  H(^),  even  for  ^   on  the  negative  axis,  behaves  the 
same  as  for  other  ^»     Thus  the  shift  of  path  to  the  negative 
axis  in  [2,6]  is  valid  for  it  gives  a  convergent  integral. 


[I4-.2] 


0 


I 

-co 


f(a)[e'^^  -l]da  ,   t  -»  o' 


f(a)  = 


(-a) 


1+e 


+  0 


(-a) 


1+e 


,   e  >  0  ,   as  a  — >  -00  . 


(1)   Let  e  <  1. 
0 


r  f(a)[e"°^-  l]da  = 


-00 

0 


-A    0 

^00    4 

0 


r  f(a)[e'^*-l]da  =    T  f(a)  at-^ 
-A  -A      ^ 


,   A  >  0 


r   _2,2 


+  . 


da 


<  Ki 


A^t^ 
At  +  ^i-2^  +  .  . , 


f  lf(a; 


where  K  =  (  If ( a) 1  da 
-co 


-A 

L 


f(a)[e"^*  -l]da  = 


-A 

"  [e-°*-l] 


-00 


da 


(-a) 


TTe 


+R 


where  Ir  I  <  le^^  -i|.(A) 


3,'  . 
■.■.;  r..i 


:?  r^n 


■    •>   :j 
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-A 

I 

-00 


[e-°^-l] 


da 


(-a) 


1+e 


00 

(-t)   I    [e   -  1] 
^-At 


1+e 


CD       00      ^ 


_  e-At.i    (.t)^  r       e-'^ 


-At     -At   '^ 

00 

d^  . 


eA 


L 


If  vre  let  A  =  -log  t,  we  see  that  the  lowest  order  term 
is  c(-t )^  as  t  — 5>  o". 

Thus, 

0 


f  f(a)[e"^*- Ijda  ^  c( -t  )^  +  0[  (-t  )^] 

-00 


(2)   Let  e  =  1. 
0 


-A     0 


r  f(a)[e"^^-l]da 


-oo 


r  +  r  ,  A  >  0 . 

Joo    SA 


Again 


0 


rf(a)[e"^*-  Ijda 


-A 


<  K 


2  2     "> 
At  +L^+   ... 


and 


-A 


-A 


f  f(a,)[e-^^.l]da  =  r  [e-^^-l]-^+R 


-00 


-co 


(-a)" 
where  1r 1  <  ie"^^  "  l'  *  I 


How, 


*  ■-  -\ 
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-A  00 

te-^-*.l]   -J^=   (-t)    f        [e-^-1]   ^ 


I 


=   (-t) 


(-a) 

•At  _  . 


CO 


""^"^     -1  +e-^*   In  A(-t)  -     r 

*iAt 


e"'^  Intdr 


€^ljLl.te~^^   In   (-t)  -te"-^*   In  A 


00 


*iAt 


e'"^  In  Tdr    . 


If  v;e   let  A  =  J  -In   (-t ) ,   we    see   that   the   lowest   order  terra  is 
ct   In   (-t)    as   t  — 5»  O". 
Thus 


Jr(a 


r.)[e"^^-  l]da  ^  ct   In   (-t)  +  0[t  In   (-t)3      as  t  — >  o"      . 


-co 


(3)  A  similar  proof  may  be  obtained  when  e  >  1. 


[k,3] 


0 


-I 


2^, 


1=1       e     g(^)d^   »      z  — >  0   ,      z  — >  CO    along  rays   in 

-100 


lower  half-plane  where 


g(^)    =  ^'^  +  0(^'^)      as     ^—>a),      m  >   -1 
g(^)   =  >f'+  OiK^^)      as     J^  — >  0   ,      n  >  -1 


Shift  the  path  of  integration  so  that  the  integral 
becomes: 

0 
I 

^00 


I 


-rp  ,   ittx  ia, 
e  ^g(pe   )e  dp 


We  now  investigate  this  integral  as  r  — >  0,  oo 
Put  rp  =  r 


.     J  !.•:  y  .^ 


I  ''  "  .  f 
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0  ^^     0 

I  =1    e-^g(Je-^")e'"   ^"^      '' 

C»  CO 


:  I     e     g(^  e      )e       —  -  -^  J     e     g(Jfc  e      )dr  . 


(1)      Let  r  — >  00 

.0  .      /  r       y?        0 

oo  L  00        r     V  r 

where 

0 

IrI    <  ^   f    e-^X^  e^^^dt<  -5-K   ,      e-^Oasr->oo 

r     V-  r 

Wr 

7r 


-^  ^^  _c_ 

r  ^r 


J   e-'^S(^ei^)dT:/<  e-^^    f    |g(^  e^^)  idr  <  Ke" 


r  1 

J     e     g(^  e   ^)d^=  r        e        2(se    ")ds 


00  "00 


oo  00 

r     1 


<  re         \       e    ^        '^     '  lg(  se      )  I  ds  <  K*re        «  — 


00 

Hence, 

c       .  .,     1 


I  =  "HTT"' '^(-n+T^     as     r  ->co    . 
r  r 


y- 


N- 


c- 


(2)      Let  r  — >  0 


7?  r        0 


.      0  .      Mr  r        0 

XX3  [  ^oo      Vr       r 


00  00 


dt  +  R 


where 


Jr 


IrI   <4^    f   e-^^"^  e^^^dr<4.  ,      e-.0     as     r  -->  0 


0 


f   e-\(lei^)dr<   f  e-'^lLdr<  JL  f     x^dr«iL 

J„  r  '        -  J  m  m  J_     •-  in 


r  r      r- 

yr  Jr 


r    e'^g(^e'-^)dr=   o(r)   «  -^ 


m 


Hence 


[i^.l^.] 


■    r 
r 


I  =  -W+I  +   0(^n+T)      as     r  ->  0 


CO 


.-iS*«  , 


( 


^  — >  0  along  a  ray   in  the   lovrer  half -plane .     Where 


(1)  f(t)^^ 

t" 

(2)  f(t)^l 

(3)  f(t)   ^  In  t 


and  f(t) 


.m 


t  — >  0   ,      0  <   o   <  1 

t  -^  0 

t  — 3.  0 

m  >   0   ,    t  — >  00    , 


*  -■      ;  ,^j 


-^^ 


-  ♦.- 


•jfe 
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(1)  f(t)  =  -^  +  0(4-)>  t  ->  0. 


00  CO 


-  f  — ^^=  f  V^  <^*  ^'^^^^^  S(t)  =  f(t)  --^  =  O(^),  t  — >0. 


0  (^-^)^   -0 


Thus  the  highest  order  terra,  as  >^  — >  0,  If  I  Is  given  by 
considering; 


00  A  00 

r  -^^  =  f  — ^  *  r    « 


00  00  p  c    ^ 


A  A/? 

dt  1      A  dir 


J*^  dt        -  Jl_     p  d' 

Q  (t-^)t^     ^^  Jq    (r-i)z^ 

Now  if  we  set  A  =  kl  '   we  get  that  the  highest  order  infinity 


as  ^  —>   0  is  -^  .   Plence 
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